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Abstract—Efficient interconnection networks are eritical in providing low latency, high bandwidth communication in parailel and
distributed computing systems with hundreds or thousands of processors. The well-known Clos network or v{m, n,») network can be ’
extended to provide full one-to-many or multicast capability. In this paper, we consider several typical routing centrol strategies for
Clos-type nonblocking multicast networks and derive the necessary conditions under which this type of network is nonblocking for

arbitrary multicast assignments in the strict sense as well as under thase control strategies. The necessary conditions obtained are
represented as the number of middle stage switches m > © (né’ﬁ%’-) These results maich the sufficient nonblocking condition for the
currently best available explicitly constructed, constant stage nonblocking multicast network [8], [9], and provide a basis for the optimal
design of this type of multicast network,

Index Terms—Interconnection natworks, multicast networks, routing control strategies, nonblocking, necessary conditions.
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EFFIC]ENT interconnection networks are critical in provid-
ing low latency, high bandwidth communication in
parallel and distributed computing systems with hundreds
or thousands of processors. In many communication
environments, we often need to support one-fo-many
connections, where one source is sending the same message
to multiple destinations. One-to-many connections are also
called multicast. In a multicast connection through a multi-
stage network, an input port can be simultaneously
connected to more than one output port, but an output
port can be connected to at most one input port at a time. A
multicast network we consider in this paper is a multistage
network which can realize all possible simultaneous
nonoverlapped multicast connections between the network
input ports and the network cutput ports. A nonblocking
multicast network is a multicast network which can realize
all new multicast connections without any rearrangements
of existing connections in the network, regardless of the
current network state. Due to the possible disruption of on-
going communication caused by the rearrangements, as
well as the resulting time delay in path routings, nonblock-
ing capability is generally desirable.

Supporting multicast in parallel and distributed compu-
ters has become an increasingly important issue [1], [2].
There has been a lot of work on multicast networks in the
literature [3], [4], [5), [6], [7], [8], I9], [10], [11], [12], [13], [14],
[15], [16], {17], [18]. In this paper, we are mainly concerned
with a class of explicitly constructed nonblocking multicast
network based on Clos network [19], [20]. Clos-type
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networks have been widely used in various interconnection
problems. Some recent applications include the NEC
ATOM switch designed for BISDN [21], the IBM GF11
multiprocessor [22], and ANSI Fibre Channel Standard for
interconnection of processors to the I/0 system. More
recently, it was shown [23] that the network in the IBM SP2
is functionally equivalent to-the Clos network. The general
Clos network can have any odd number of stages and is
built in a recursive fashion from smaller size networks.
Therefore, it is generally sufficient to consider only the
three-stage network. In general, a three-stage Clos network
with N input ports and N output ports (e, an N x N
network) has r switch modules of size n x m in stage 1, m
switch modules of size r x r in stage 2, and r switch
modules of size m X n in stage 3. The network has exactly
one link between every two switch modules in its
consecutive stages. Such a multistage network is denoted
as a v(m,n,r) network. In three-stage networks, stage 1,
stage 2, and stage 3 are also referred to as input stage, middle
stage, and output stage, respectively. A general schematic of a
v(m, n,r) network is shown in Fig. 1. Based on the three-
stage network described above, for any k=1, we can
construct a (2k - 1)-stage N x N network by replacing each
7 x v switch at the middle stage in a v(m,n, 7) network with
a (2k — 1)-stage r x r network.

Several designs have been. proposed for this type of
multicast network [3], [5], [8], [9]. Since two of the v(m,n,7)}

network parameters, n and r, are restricted by the network

input/outpul size &, the main focus of the study is te find
the minimum value of the network parameter m for
maulticast capability to achieve the minimum network cost.
By employing a special control strategy for choosing the
middle stage switches for satisfying connection requests,
the most recent design [8], [9] gave the currently best
available sufficient condition for a vu(m,n,r) network,
m > ecn %L where ¢ is a small constant, which guarantees

loglog+”
that the network is nonblocking for arbitrary multicast
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Fig. 1. A general schematic of a v{m,n, ) network.

connections. This result yields an explicitly constructed,
constant stage nonblocking multicast network with lowest
network cost.

However, it is still unknown whether the sufficient
condition given in [8] can be further reduced and what the
optimal design for this type of network is. Apparently, there
are some network routing control strategies which seem to
be promising for further reducing the network cost of the
v{m,n,r) multicast network. In this paper, we consider
several typical such conirol sirategies, and analyze non-
blocking conditions under these control strategies. In
contrast to the previous design [8], [9], we will approach
this problem from another angle: exploring the necessary
conditions on the number of middle stage switches required
for nonblocking in a v(m,n,r) multicast network. These
necessary conditions will provide a basis for the optimal
design of multicast networks. We will consider the
necessary nonblocking conditions in general, as well as
under these typical routing control strategies. The necessary
conditions will be derived by constructing some worst case
network states which require a certain number of middle
stage switches.

The rest of the paper is organized as follows: In Section 2,
some basic definitions and observations will be given. In
Section 3, several network control strategies will be
described and compared. The main results of the paper
will be presented in Section 4. In Section 5, complexity of
the control strategies and implementation issues will be
discussed. The conclusion will be given in the last section.

2 DEFINITIONS AND OBSERVATIONS

In this section, we give some basic definitions and

observations which are used in this paper.
"First, it is reasonable to assume that every switch in the

u(m, 7, 1) multicast network has multicast capability. Recall
that a v(m, n, r} network can be recursively constructed; that
is, each switch requiring multicast capability can be
replaced by a multicast network of the same size, Thus,
eventually, we may only need to build multicast capability
into very small switches, such as 2 x 2 or 4 x 4 switches.
This involves only minor increases in complexity, even in
electronic switches, and, in optical switches, the complexity

increases are even smaller.
Since output stage switches have multicast capability, a

multicast connection can therefore be described in terms of
connections between an input port and output stage.
switches. Let O denote the set of all output stage switches.
Based on the structure of the v{m,n,r) network, we have
0={1,2,...,r}. For the ith input port in input stage,
ic{1,2,...,nr}, let I; C O denote the subset of the switch
modules in the output stage to which input port i is tc be
connected in a multicast connection. f; is referred to as an
input connection request from input port 4. Then, a mudticast
assignmtent which represents a maximal set of nonover-
lapped multicast connections between the input ports and
the output ports can be characterized by a set
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Fig. 2. A multizast assignment in a w(5, 3, 4) network.
B={I,I..., L}

For example, for the multicast assignment shown in Fig. 2,
we have that

B=
{12,835, 1340, (O 425 483 00 4 {4, 143, 43,43, 2.

Also, notice that, since an output port can be connected to at
most one input port at a time in a v(m,n,r) multicast
network, there is a_global constraint to set B: There are at
most n 1s, n 2s, ... , n rs distributed in B. Thus, the
" flattened set of B is a multiset chosen from an r-element set
{1,2,...,7} with the multiplicity of each element noc more
than » (by the flatiened set of a set, we mean the set
obtained by removing all internal brackets in the original
set). This property of the v(m,n,r) networks is important
for deriving the necessary nonblocking conditions in later
sections.

To characterize the connection state between the input
stage and middle stage in a v(m, n, ) network, for any input
porti € {1,2...,nr}, we will refer to the set of middle stage
switches with currently unused links to the input stage
switch associated with input port ¢ as the quvailable middie
switches. For example, for the multicast assignment shown
in Fig. 2, the available middle switch of input port 3 is {4, 5}
and the available middle switches of input port 8is {1,2,4}.

To characterize the state of m switches in the middle
stage of a v(m,n,r) network, let M; C O,j€ {1,2,...,m},
denote the subset of outputs of middle stage switch § which

are currently occupied. M; is referred to as the destination set
of middle stage switch j. Then, the state of the middle stage
of a v(m,n,r) network can be denoted as

M= {M, Ms,... M,}.

Por example, for the multicast assignment shown in Fig,. 2,
we have

M={{1,4},{1,2,3,4},{1,2,3},{2,3}, {4}}.

Since all connections in a multicast assignment must go
through some middle stage switches, it should be clear that,
in general, for any state of a v(m, n, ) network, the flattened
set of M is equal to the flattened set of B. Thus, the problem
of designing v{m,n,r) multicast networks can be consid-
ered as the problem of distributing all elements in any
multicast assignment set B to the minimum number of sets
My, My, ..., M, such that, for all j=1,2,...,m,

szocijg{laza'”sr}: (1)

=]
where C; CIy, ;€ {(i —n+1L0E—-n+2,... in}, is
the contribution of input stage switch i to A4;. Notice that
we may have different Cj;5 in (1) under different network
routing control strategies, which will be discussed in the next

section.
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3 NETWORK ROUTING CONTROL STRATEGIES

In general, a network routing control strategy specifies the
setting control of switch modules in a network. In
particular, in a v(m,n,r) network, how to choose middle
stage switches for satisfying a connection request is the
main concern of a control strategy.

Assume a »{m, n, ) network is currently providing some
multicast connections from its input ports to its output
ports. The middle stage state is represented by the
destination sets of middle stage switches, that is,

M= {Ml,ﬂ/[g,. e ;Mn}-

Now, given a new input connection request
Iyie{1,2,...,nr}, wé need to find middle stage switches
from the available middle switches to satisfy this connection
request. The following lemma gives a necessary and
sufficient condition for satisfying a connection request:

Lemma 1. We can satisfy a connection request I; using some x
(z = 1) middle stage switches, say, j1, ja, . .., Jo, from among
the available middle switches of a v(m,n,r) network if and

only if

Proof. If there exist z available middle switches say,
Ji,J2y -y de, for which LN (Y. M;)=¢, then, for
every output stage switch ¢, f € I;, we can always find
a middle stage switch, say jr, 1 <k <a, such that
t ¢ My, through which a connection path to t is
available. Thus, we can satisfy the new connection
request through these = middle stage switches. Similarly,
if we can satisfy connection request f; using z middle
stage switches, say, 71,2, ..., Jo then LN (M M;) = ¢
before we satisfy this connection request. Otherwise, if
there exists some ¢, £ € I; N {{V;_; M;,), then a connection
path could not be provided to output stage switch ¢
through any middle stage switch in the set of & available
middle switches. |

In general, there are many ways to choose middle stage
switches among available middle switches for satisfying a
connection request and some control strategies can be
employed to make the decision, Different control strategies
set up different criteria for choosing middle stage switches
and may have different effects on the total number of
middle stage switches required to guarantee a network to
be nonblocking. Also, the implementation complexity of

control strategies may vary. We will have more discussions.

on this issue in Section 5. In particular, no control strategy is
employed to govern the process of choosing middle stage
switches can be viewed as a special control strategy which
yields the strictly nonblocking network. Due to the nonuni-
form nature of multicast connections, if no control strategy
is employed, we can expect that the number of middle stage
switches required for nonblocking becomes very large.
Therefore, we must employ some kind of “intelligent”
routing control strategy which carefully selects the paths
used to satisfy the current connection request so that the
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nonblocking connecting capability for future potential
multicast connection requests can be maintained and, at
the same time, the number of middle stage switches are
kept small. This type of nonblocking capability can be
referred to as confrol-strategy-based nonblocking capability or
wide-sense nonblocking capability. Tt is this type of nonblock-
ing capability that we consider in this paper. In the
following, we will describe several typical control strategies
for choosing middle stage switches from the available
middle switches in a v(m, n,r) multicast network.

Strategy 1. For each input connection request, I
i€ {1,2,...,nr}, in the network, always choose the middle
stage switch with the minimum cardinality of destination sets
with regard to the unsatisfied portion of I, from available
middle switches unfil I; is satisfied, thet is, untl all middle
stage switches chosen satisfy the condition in Lemma 1.

Strategy 1 is the conirol strategy employed in [8]. It was
shown in [8] that if there are at least nr'/®
(1 <z <min{r — 1,r}) available middle switches, we can
always choose nc more than » middle stage switches to
satisfy J;. This yields that the number of middle stage
switches m = O(

rithm was also provided [8] which repeatedly does finding

logr 3 1 -
”1oglogr)' A linear network routing algo

of smallest cardinality and intersections among the destina-
tion sets of available middle switches to implement this
control strategy, A parallel routing algorithm was presented
[9] to implement the same control strategy to further speed
up the path routing process.

Strategy 2. For each input connection request I
i€{1,2,...,nr}, choose the minimum number of middle
stage switches that satisfy the condition in Lemma 1 for the
current network state from the available middle switches.

Notice the difference between Strategy 2 and Strategy 1.
Instead of choosing middle stage switches in the order of
smaller destination set cardinality first for an input
connection request in Strategy 1, Strategy 2 always finds
the minimum number of available middle switches for the
current input connection request. In other words, Strategy 2
achieves “local optimization” within a single input stage
switch by using as few as possible output links in the input
stage switch and keeping the maximum number of
available middle switches for future connection requests
from that input stage switch. For example, as shown in
Fig. 3a, suppose we have a connection request from input
port 2 to output ports 2, 5, 7, and 10 (in terms of output
stage switches, Tz = {1, 2,3,4}), and input port 2 has three
available middle switches: middle stage switches 1, 2, and 3
with destination sets M; ={1,4}, M;={1,2}, and
My = (3,4}, respectively. Consider Strategy 1 first. Note
that the cardinalities of M;, M, and Mj all are equal to 2.
Based on the routing algorithm in [8], we will choose the
first middle stage switch with the smallest cardinality, that
is, middle stage switch 1, and then intersect M with M,
and M, yielding M} = {1} and M} = {4}. Now, both M}
and M) have a cardinality 1 and we will choose middle
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Fig. 3. The difference batween Strategy 1 and Strategy 2. (a) The network state before satisfying > = {1,2,3,4} in a v(b, 3,4) network. (b) The
network state after satisfying J» under Strategy 1. (¢) The network state after satisfying f; under Strategy 2.

stage switch 2 and intersect M} with M} vielding M} = 4.
Finally, we will choose middle stage switch 3. Thus, we
need three middle stage switches for satisfying this
connection request. The connections are shown in Fig. 3b,
However, under Strategy 2, we will choose the minimum
number of available middle switches, and it turns out that
only two middle stage switches, middle stage switches 2
and 3, are needed for satisfying this connection request, The
connections are shown in Fig. 3c. In general, for a given
v{m,n,r) network, it is clear that if we can satisfy all
connection requests under Strategy 1, we can definitely
satisfy all connection requests under Strategy 2. Of course,
since Strategy 2 needs to exam all possible subsets of
-available middle switches, its complexity is much higher
than that of Strategy 1. Even so, it is interesting to see
whether Strategy 2 can lead to a tighter nonblocking bound
for a v(m,n,r) multicast network.
Strategy 3. For each input connection request I,
i € {1,2,...,nr}, use an empty available middle switch (i.c.,
middle stage switch with no connections) only when there is no

subset of nonempty available middle switches that can satisfy
the condition in Lemma 1.

Strategy 3 keeps the total number of nonempty middle
stage switches in the network as small as possible at any
time, with the intent of reducing the total number of middle
stage switches required for nonblocking. Unlike Strategy 2,
it achieves some degree of “global optimization” for all
input stage switches. We will also analyze the necessary
nonblocking condition for the network under Strategy 3.

4 NECESSARY NONBLOCKING CONDITIONS FOR
MuLTICAST NETWORKS

In this section, we will derive the necessary conditions
under which a v(m,n,r) multicast network is nonblocking
in the strict sense (i.e., no control strategy is employed) and

uncler the control strategies outlined in the previous section.




YANG AND MASSON: THE NECESSARY CONDITIONS FOR CLOS-TYPE NONBLOCKING MULTICAST NETWORKS

4.1 Combinatorial Properties of Multicast

~ Assignments
In Section 2, we observed that there are at most n 1s, n 2s,
.., n rs distributed in a multicast assignment and,
therefore, in the destination sets of middle stage switches
in a »{m, n, 7} network, In this section, we will discuss some
properties of multicast assignments which are useful to the
construction of the worst case network states for deriving

necessary nonblocking conditions.
The following lemma shows, for integers u, », and r

satisfying some conditions, how to distribute 2 1s,  2s, ...,

x rs to u subsets of set {1,2,...,7} such that the intersection

of any z subsets is nonempty.

Lemma 2. Given integers u, x, and v, where u> x > 1 and
r= (Y. there exist u subsets of set {1,2,....r},

51,89, .., Sy, such that the flattened set of {51, 5,..., 5}

is a multiset chosen from set {1,2,..., v} with multiplicity «

for each element and the intersection of any = sefs of

51,8,

Proof. We construct sets 91, 8, ...

y 5y 15 nonempty.
, S, from z 1s, x 2s, ,:c
7s as follows: Initially, let S; = ¢ for 1 <4 < u. Foreach z
sets Sy, 89,05, (1<h <ja<..
from sets 51,52,...,8, assign a distinct number £,
ke{1,2,...,
. are a total of (%) different z sets chosen from
51,8, .-,
Sir Sjor-
update each set 9;(1 <¢ < =z) by adding k to 8;, (ie.,
Sy« 95 U {k}). Note that a total of = ks are added to sets
Sy Sy
repeated until all « sets chosen from sets Sy, 5, ...

. < jr < a), chosen
r}, to them. This can be done because there

S. and r=(%). Now, for every =z sets

5j, and their corresponding number k,

;8, in this process. The above process is
s Su
are exhausted. At the end of the construction, we run out
ofall z 1s, z 2s, ..., x rs. In other words, the flattened set
of {51,5,...,
{1,2,...,7} with multiplicity = for each element.

In addition, we can see that the intersection of any «
sets of sets S, 5,...,5, is nonempty. In fact, from the
above construction, for any x sets 5}, 5;,,...,5;, chesen
from sets Sy, 5y, ...,5,, we have N, 5, = {k}, where k
is the number assigned to these x sets in the above

S.} is a multiset chosen from set

_ construction, [}

Since there are a total of z .7 elements used in the
construction of sets 51, Ss,...,5, we have the following
observation:

|gi;=%:$(x): (Z:D i=1,2,...u

For example, let u = 4, z = 2, and r = (3} = 6. According to
the above construction, we can distribute two 1s, two 2s,
, two 6s to sets 51,9, 53, s as follows:

1219
S]_ :{1, 2, 3}
S = {1, 4, 5}
S3 = {2, 4, 6}

Sy = {3, 5 &}
Clearly, the intersection of any two sets of sets S, Sb, 53, 94
is nonempty, and |S;| = (}_}) =3 for 1 <4 < 4.
Let's take a look at another example, Let u =7, x =3,
and r = ( ) = 35. We can distribute three 1s, three 2s, ...,

three 35s to sets 51,9,..., 5 as follows:

8, =1{1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14,15}

Sy ={1,2,3,4,5,16,17,18,19,20, 21, 22, 23,24, 25}

Sy = {1,6,7,8,9,16,17, 18,19, 26, 27, 28, 29, 30, 31}

5y = {2,6,10,11,12, 16,20,21, 22, 26, 27, 28, 32, 33, 34}
S5 = {3,7,10,13, 14,17, 20, 23, 24, 26, 29, 30, 32, 33, 35}
55 = {4,8,11,13,15,18,21, 23, 25, 27, 29, 31, 32, 34, 35}
Sy = {5,9,12,14,15, 19, 22,24, 25, 28, 30, 31, 33, 34, 35}.

It is easy to see that the intersection of any three sets of sets
81,8,...,8 is nonempty, and |S|= (1]} =15 for
1<i<15.

In general, for any integer n, «n, we can repeatedly
apply the above construction technique to distributing n 1s,
n 2s, ..., nrs to the subsets of set {1,2,...,r} such that the
intersection of any z subsets is nonempty. We have the
following lemma.

Lemma 3. For integers u, z, v, and n, where w > © > 1, r = (1,
and x|n, there exist v="% subsets of set {1,2,...,7h
81,82, ..., 8y such that the flattened set of {S1,5a,..., 5.} is
a multiset chosen from set {1,2,...,v} with multzplzczty n for

each element, and the intersection of any x sets of sefs

81, 82,..., 5y i8 nonempty.

Proof, First, the n 1s, n 2s, ..
copies of 2 1s, ¢ 2s, ... ,-z rs. By Lemma 2, from one copy
of £ 1s, x 28, ..., & rs, we can construct v subsets of set
{1,2,...,7}, say, 81,5, ...,8,, such that the intersection
of any x sets of them is nonempty. Now, for each of the
remaining copies of z Is, & 2s, ..., x rs, we simply repeat
the above construction and obtain another » subsets of
set {1,2,...,7} equal to 81, 58,,..., 5, respectively. Thus,
using all n 1s, n 2s, ..., n rs, we can construct v=1u -2
subsets of set {1,2,...,r}, 51, 5,..., 85, among which 2
sets are equal to set S1, sets are equal toget Sy, ..., and
2 sets are equal to set 5. Clearly, the intersection of any
r sets of these v sets is nonempty, and the flattened set of
{81,8,...,8,} is a multiset chosen from set {1,2,... ,r}
with multlphc:lt'y z -2 =n for each element. '

., n 78 can be divided into Z

For example, let u=4, =2, and r = (}) = 6, We can
distribute n 1s, n 2s, ..., n 6s to sets 51,5,,...,5,, whetre
v =u 2= 2n. In particular, as shown in Fig. 4, the 2n sets
consist of 3 {1,2,3}s, % {1,4,5}s,% {2,4,6}s, and % {3,5,6}s.
It is easy to see that, for any two sets 3; and 8; (1 # 7),
SiNS;# ¢,

Now, we have the following fundamental lemma:
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any z -1 sets of them is nonempty. We rename these
m+n sets ITy,ZIy,..., Ty, M1, Mz, ..., M. Thus, the
first condition of the lemma holds.

We now show that sets 7, T, ..., I, M1, Mo, ...,
Sa My, constructed above satisfy the second condition of
the lemma. Note that the intersection of any =+ 1 sets
of sets I,,1s,...,Zn, M, My,..., M, is nonempty,
fksy | e which implies that, for any I; (1<i<n) and any
M My, My, (L<ii<jp< - <jp<m)

;N (m ij) 7& t,'b
k=1

(123] 5

d

o=
— A Y P Vi

(L4.35) 5,
We now determine the value of . Recall that, in order
e to apply Lemma 3, we must have (“;:11)) < 7. Since we
0 are interested in only the asymptotic bound for z, we can
2 simply replace #+1 by = in the above inequality for
1246} S» presentational convenience. Thus, we will derive the

bound for x from the following inequality

: < . 2
B ow
" . .
2 where
(3561 Su ' =50
k13
Fig. 4. An examplo of distributing n 15, n 28, ..., n 65 (0 2n sets. Note that (%) = w-'(%%)" and y! ~ 2myyPey (Ster-
ling's approximation [24]), where ¢ is the natural number
Lemuma 4. For sufficiently large n, v, and 2 (m > n}, there exist and equals 2.718 - --.
m. +n subsets of set {1,2,...,r}, It can be shown that
IhIQ;-":InaMl’MQ:"')Mmﬂ (tﬂ'}) [
L , L ™~ 1t
which satisfy the following conditions: z Vame(l - 1) =l
I, The flattened sef of Therefore, from (2), we have that
{II:IQ:---aInaMhM2:~--:Mm} * < p
; . {t-a+y — °°
is a multiset chosen from set {1,2,...,r} with Vame (L -5
multiplicity of each element no more than n; That is,
2. For somew:@(ﬁ%%g;) and for any T; (1 <i < .
ﬂ) and any Mjqugy-' '7Mj¢ (]_ S]l < j2 P 5 < 10g7'+‘10g1127('l‘(1 —?)
Jz S m) ~logt — (¢t — 1)log{l — 1) |
. _ log7 + Flog(2m) + 4log{l — ) +%1ogm'
Iiﬂ(mMjk) # ¢ : logm —logn — tlog(l —4)
=t Since t>2, both |log(l-3)| and [tlog(l—-1)| are
Proof. We give a constructive proof as follows: We will bounded by some constants. In particular, we have
distribute at most n 1s, n 2s, ..., n rs to n+m sets - 1
which are subsets of set {1,2,...,r}, T1,7s,...,Zy, }lr{;tlog(l—;)l =loge.

My, Ma, ..., My, such that the intersection of any = +1

sets of them is nonempty, where z is an integer to be

determined later, :
Let t=2+4+1, u=tz+1), and 7' = (t(ffllj) <r. By that, for some constant ¢; > 0,

Lemma 3, n 1s, n 28, ..., » 's can be distributed to v

subsets of set {1,2,...,7'}, say, 81,5,...,8,, where v = <

t(x+1) 3% =tn=m +n such that the intersection of

Also, note that loga < § for @ > 2. Thus, for 0 <b <2

and z > 2, z < a + blogz implies z < 14- We can show
2

logr
logm — logn’

(3)
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We are actually interested in the maximum z satisfying
the condition ({f) < r; that is,

max <r.
&€ Hi

Suppose z; achieves the maximum in the above inequal-
ity. Therefore,

(m“) <r< (t(x" * 1)).
Zq ag+ 1

logr

et From the

The left inequality implies @y < & o
right inequality, we have that

th'[1+1

I
Imly 1 1)(1 — hylt Vet

That is,

: To-l-1 - ;
[@—T} > 27r((co+1)(1 7) -

It can be shown that, for some constant ¢; > {},

logr
logm —logn’

(4)

Ty 2 Cy

Thus, from (3} and (4), we have shown that we can

choose some == O( to satisfy the second

)
log m—legn
condition of Lemma 4. O

4,2 Necessary Conditions

In this section, we will construct the worst case network
state of a #{m, n, r) multicast network, by applying Lemma 4
such that a certain number of middle stage switches is
necessary for achieving nonblocking. Our first theorem
“reveals the necessary condition for strictly nonblocking
multicast networks.

Theorem 1. The necessary condition for a vim,n,r) network to
be strictly nonblocking for inulticast assignments is

1
m> @(nﬁgﬁu—’jﬁ).

Proof, We will prove Theorem 1 by contradiction.

Supposé, for a smaller m, say, m = f(n,r), where
flr,ry = o(nmlé‘%), the v(m,n,r) network is still non-
blocking. Note that the network is strictly nonblocking
implies that any state of input stage switches and middle
stage switches can be reached. Suppose, at some time,
the network reaches a state that the destination sets of
middle stage switches M; becomes AM; for j=
1,2,...,m and the first input stage switch is empty.
Then, there come n input connection requests at the first
input stage switch L =1;, i=12,...,n where
Ty, Toy.o s Doy My, Ma, ..., M, are the sets described in
Lemma 4. By Lemma 4, we know that, for each I, the
intersection of J; with the intersection of any # sets from
My, Ma,. .., M, is not empty. Thus, more than = middle
stage switches will be required to satisfy each of input
connection requests Iy, [y, ..., [, Therefore, more than
nz middle stage switches in total will be required for
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satisfying all n input connection requests I, f,..., 7, on
the first input stage switch.

Notice that, by Lemma 4, .

5= 0 (),
logm — logn

logr

Since m = f(n,7) = O(Tllogk,,, -}, for sufficiently large n
and r,
1
m<n - .
loglogr
Therefore,
logr logr log7
T > 1 nlogs log = 10 o — 10 ] 1 = (,'l o
Oglugl:)g-r‘ —logn glogr g log log v oglogr

for some constant e. Then,

nit > c

logr
n]og ogT > fln,r) =m.

This means that m middle stage switches are not enough

to satisfy the input connection requests from the first

input stage switch. This contradicts that the network is

nonblocking, |

From the proof of Theorem 1, we can obtain a stronger
result as follows:

Corollary 1. The necessary condition for a uv(m, n,r) multicast
nefwork to be partiglly strictly nonblocking (ie., reprrange-
ment is allowed within the same input stage switch) for

. : : logr
multicast assignment is m > ®(nlnglog-r‘)’

Proof. The proof of Theorem 1 holds regardless of the order
in which we satisfy the connection requests
h,Ly,..., I ‘ O

We now consider the necessary nonblocking conditions
under three control strategies described in the previous
section.

Theorem 2. The necessary condition for a v(m, n,r) multicast
netwerk to be wnonblocking under Strategy 1 is

l T
m > B{np Ao

Proof. From Theorem 1, we know that the necessary
condition for a o{m,n,r) multicast network to be
nonblocking under no control strategy is
m > (-)(nﬁ%). To show this is also a necessary
condition for Strategy 1, we need only to show that the

worse case network state used in the proof of Theorem 1

can be reached under Strategy 1.

Suppose that initially there are no connections in the
network. We construct a multicast assignment as follows:
First, we generate m input connection requests from m
input ports i1,ia,...,0m (G €{n+Ln+2,.. 0}, j=
1,2,...,m} and let :

Ii :MJ! j:laza"'sma

i
where M; is defined in Lemma 4. Then, generate n input
connection requests from the first input stage switch and
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let ; =T, i=1,2,...,n, where Z, is given in Lemma 4.
Note that I, j=1,2,...,m, are requested before any
input connection requests I, I,..., I, in the first input
stage switch and the destination sets of all middle stage
switches are empty at the beginning. Under Strategy 1, to
satisfy /;, we will always choose the middle stage switch
with smallest cardinality among the available switches
until input connection request [;, is satisfied. Thus, we
will end up using one empty middle stage switch for
satisfying each of input connection request I,
F7=1,2,...,m. After satisfying all L, 1< j<m, the
destination sets of middle stage switches M; becomes
Mj, i=1,2,...,m, and we still need to satisfy connec-
© tion requests I; = 7;, ¢ = 1,2,...,n. Thus, the worst case
network state in the proof of Theorem 1 is reached. 0O

From Theorem 2, we have the following corollary.

Corollary 2. The necessary and sufficient condition for a
v(m,n, r) multicast network to be nonblocking under Strategy

; logr
Lism 2 O(n 5.

Proof. Combine Theorem 2 with the sufficient condition

logr
chnEﬁ}L—T in [8]. r

Theorem 3, The wecessary and sufficient condition for a
v(m,n,r) multicast nefwork to be nonblocking under

Strategy 2 is m > @(”To:lé;,r)'

Proof. The proof is similar to that of Theorem 2. That is, we
first generate m consecutive connection requests equal to
sets My, Ma, ..., M, and, then, generate n consecutive
connection requests equal to sets 71,25,...,Z, on an
empty input stage switch. Under Strategy 2, we choose
the minimum number of middle stage switches for
satisfying a connection request. The m connection
requests equal to M, Ma,..., My, are satisfied first.
Note that, when all destination sets of middle stage
switches are empty and M;NM;#¢ (i#j), the
minimum number of middle stage switches chosen for
satisfying a connection request equal to M;
J€1{1,2,...,m}, is one; that is, we will use one empty
middle stage switch to satisfy a connection request, Thus,
after satisfying all these m connection requests, the worst
case middle stage state in the proof of Theorem 1 can
again be reached. In fact, for this particular multicast
assignment, there is no difference between Strategy 1
and Strategy 2 in choosing available middle switches for
satisfying a connection request,

To prove the sufficiency, note that Strategy 2 chooses
the minimum number of middle stage switches for
satisfying a connection request, which is smaller than or
equal to the number of middle stage switches used under
Strategy 1. Thus, the sufficient condition for Strategy 1 is
also a sufficient condition for Strategy 2. 1

Theorem 4. The necessary condition for a v(m,n,r) multicast
network to be nonblocking under Strategy 3 is
m 2 O{n ﬁ;’]%?).

Proof. Under Strategy 3, we try to keep the number of
nonempty middle stage switches as small as possible at
any time. The proof of this theorem is similar to that of

Theorem 1. That is, we first assume that we can achieve

nonblocking in a w©(m,n,r) multicast network under

Strategy 3 for some m = o(nﬁ%} which vyields = >

cﬁﬁ)&—r for some constant ¢ then we show that this

assumption will lead to a contradiction. All we need to
do here is to construct a sequence of connection and
disconnection requests under Strategy 3 which lead to
the worst case network state in which the destination sets
of m middle stage switches are equal to sets
My, Ma, ..., M., respectively, and the next n connec-
tion requests will come from an empty input stage
switch and are equal to sets I,,Z3,...,Z,. respectively,
where Z1,7a,...,Zp, My, Ma,..., M., are specified in
Lemma 4.

The following algorithm-like description’ gives the
construction of the sequence of connection and discon-
nection requests desired.

Initially, all input stage switches and middle stage
switches are empty.

Step 1.

Generate n consecutive connection requests equal to
sets My, My, ..., M,, respectively, on the first input
stage switch. Under Strategy 3, each of these connec-
tion requests is satisfied by occupying an empty
middle stage switch as shown in Fig. 5a. Let my =n
and % = 0. Now, there are a total of m; non-empty
middle stage switches with destination sets equal to
sets My, My, ..., M,, respectively.

Step i.
(i 22)

i.l. Generate k; (< m) consecutive connection
requests equal to sets 77,75,...,T} on the
ith input stage switch such that these
connection requests can be satisfied by
exactly m;_, existing nonempty middle stage
switchies, as shown in Fig. 5b. Sets

1L+ -, I}, and integer k; will be described
in more detail later. Let

™m; — min{m.;_l + (n - km)am}

i.2. Generate m; —m,_; consecutive connection
requests equal to sets

Mmi..ﬁrls Mm,,l+2s < st‘

on the ith input stage switch. Since the first

“m;—1 middle stage switches are used by the
earlier connection requests generated in Step
i.1 on the ith input stage switch and, there-
fore, are not available, these m; — m;_, con-
nection requests can be satisfied only by
assigning each connection request an empty
middle stage switch as shown in Fig. 5e.

i.3. Generate k; consecutive disconnection re-
quests on the ith input stage switch which
release the connections requested in Step i1,
These disconnection requests are satisfied by
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Stags |

Stage 2

> M

=
B

¢

“Fig. 5. Nlustration of the proof of Theorem 4. {a) Step 1: Each connection request used an empty middle state switch. (b) Step i.1: Each connection
request uses x -+ 1 honempty middle stage switches. (c) Step i.2: Each connection reguest used an empty middle state switch.

releasing the first k; input ports on the ith
input stage switch and their links to middle
stage switches. Now, there are a total of n;
nonempty middle stage switches with desti-
nation sets equal to sets Ay, My,..., M,,,
respectively.

If m; < m, go to Step ¢ + 1, else go to the Last
Step.

The Last Step: Generate n consecutive connection
requests equal to sets Z,Zs,...,2, on an empty input

stage switch.

i.4.

At this point, we have constructed the desired network

state.

Now, we are in the position to describe sets
70, Ty,..., T}, and integer &; in Step i. We know from
Lemma 4 that, for any j (1 < j < n), a connection request
equal to set Z; can only be satisfied by more than =»
middle stage switches if the destination sets of available
middle switches are equal to some sets among
My, My, ..., M,. Therefore, for a specific y <z + 1, we
can obtain a set 7; C 7; so that a connection request

equal to set Z/; can be satisfied by exactly y middle stage
switches,

m

For Step 2, let k; = [[7Y]. We construct 7, CZ; (1<
7 < ky) so that the connection request equal to set Ig. (1<
J < ko = 1) can only be satisfied by z+ 1 middle stage
switches from m; nonempty middle stage switches with
destination sets equal to M, M,,..., My, and the
connection request equal to set Z;, can only be satisfied
by the remaining nonempty middle stage switches. Thus,
the k; connection requests equal to sets 74, 75, ..., I}, use
up all 7, nonempty middle stage switches in Step 1.

In general, for Step i (i >> 2}, let k; = [344]. By using a
similar method as in Step 2, we can construct k;
connection requests equal to sets 77,13, ..., 7y (Z; C Z;
for 1 <j<k) which can use up all m;; existing
nonempty middle stage switches with destination sets
equal to My, My,..., M, , generated in previous § —1
steps.

From the construction algorithm, we have following
observations.
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Observation 1. The construction of the above sequence of

connection and disconnection requests follows Strategy 3.

In fact, from the construction, we can see that existing
nonempty middle stage switches, when available, are
always chosen to satisfy the current connection requests
in Step i1 for ¢ > 2, while only when no nonempty
middle stage switches are available for the current
connection request, an empty middle stage switch is
used to satisfy this connection request in Step 1 and
Step 1.2 for i > 2.

Observation 2. In Step i.1 (i > 2), we always have k; < n.

loglogr
f : _ logr
(where c is a constant) is greater than m = o(n i) for

sufficiently large n and r, which means that the
construction already reached the Last Step after
Step (i —1).4. In other words, the construction never

reached Step i.
In addition, since Observation 2 implies
m; —my—1 2 1, in Step 1.2, we use at least one more

Since k; = [%ﬂ if by 2, oy A (e 4 1) > en o8
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my ="n
mz:mi_1+n—|-%‘—ﬁ], l<i<t
my = .

Therefore,

Mhy— z
mizmi_l-t-n—l—mlll: (m)mi‘1+(ﬂul).

Thus,

= {1 - (m _T_ 1)1] (x+1)(n-1)

Let 1 =¢ — 1. We have that

m=m >y > [1 - (miﬂ) H} (@ + 1)(n - 1).

empty middle stage switch.

Observation 3. At any time, the elements used in constructing That is,
all connection requests are within n 1s, n 25, ..., n rs T )*‘1> . ™m ()
z+1 (x+D{n-1)"
Observation 3 follows because, at any time, all Note that log(1 — a) ~ o when « — 0. Since
connection requests are from sets I,,7y,...,7,,
M, M, ... M, defined in Lemma 4. In fact, in > logr dm - of logr
a loglog T

Step i.l for ¢ > 2, all connection requests are from sets = C1ogI logr an
4,75, ... ,chi, My, Ms, ..., My, ,; while, in Step 1.2 for

1> 2, all connection requests are from sets for sufficiently large n and r, we have that

Ml:MZ;---,Mm,-- 1 m m )
Observation 4. The algorithm-like construction of the sequence log{ - {x+ Din— 1)] ~ (z+ D{n—1)"
of connection and disconnection requests terminates in finile and log|1 — L
z+1] z+1°

steps (i.e., no infinite loops).
Hence, from (5), we have that

Since m; <m and, by Observation 2, we have
< , ;W . I ( _ ) m
m; —my_1 = 1, we conclude that the construction will 4 < o8\ L ~ G 11~ EET

terminate in no more than m steps. 10g( 1— ;}ﬁ) =
Observation 5. There are encugh input stage switches in the ~ e ( log )
v(m, n,r) network for the above construction (i.e., the number n-—1 loglogr/
of input stage switches used in the construction is less than v). Clearly, %@ < r, Therefore, the number of input stage
' switches used in the construction can be considered far

This observation arises from the following concern:
Note that, in each step of the construction, we use one
input stage switch. Although, from Observation 4, we
can use only a limited number of input stage switches,

~does this construction run out of all r input stage
switches in a v(m, n, ) network?

The proof of Observation 5 is given below,

Suppose the last input stage switch used in the above
Ty

less than r, That proves Observation 5. O

5 COMPLEXITY OF CONTROL STRATEGIES AND
IMPLEMENTATION ISSUES

In the last section, we obtained the necessary number of
construction is switch ¢ and note that k; = [5]. Wehave middle stage switches required for a multicast network to

that be nonblocking under different control strategies. We now
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Fig. 6. Overview structure of the hardware network controller,

further compare the complexity of these strategies in order
| to find a practical control strategy which leads to the
minimum network cost and has the lowest time complexity.

From the last section, we know that the necessary and
sufficient conditions on the number of middle stage
switches required for the network to be nonblocking under
both Strategy 1 and Strategy 2 are m > O(n 1—%%) Now,
let’s look at the time complexity of the routing algorithm
based on these two control strategies. In [8], it was shown
that the routing algorithm based on Strategy 1 has a linear
time complexity, However, for Strategy 2, the problem of
choosing the minimum number of middle stage switches
for satisfying a multicast connection request is NP-
complete. In fact, consider the sets of all idle outputs of
each available middle switch. The problem of satisfying a
multicast connection request under Strategy 2 is equivalent
to the problem of finding the minimum number of such sets
which cover all destinations of the multicast connection
request. Therefore, this problem is exactly the minimum
cover problem [25], which is NP-complete, This suggesis
that Strategy 1 is a better strategy than Strategy 2 in terms of
time complexity.

Now let’s consider the routing algorithm using
Strategy 3. It can be implemented by trying all nonempty
middle stage switches one by one to see whether the
multicast connection request can be collectively satisfied by.
these nonempty middle stage switches. If not, a single
empty middle stage switch will be used for this connection.
Thus, the time complexity is still linear. However, it is
unknown whether the condition m > @(nﬁ%) is suffi-
cient for the network to be nonblocking. Nevertheless, the
necessary condition obtained in the last section suggests
that Strategy 3 cannot have a lower order sufficient
condition than that of Strategy 1.

Furthermore, adopting Strategy 1 has another advantage
over other two strategies, Due to the regularity of the
algorithm, it can be efficiently implemented in hardware to
further reduce the time complexity to O(%) gate
propagations, We briefly discuss this issue next and the
detailed implementation can be found in [9].

When considering hardware implementation, we may
easily parallelize some frequently performed operations in
the control algorithm. For example, we can represent the
destination set of a middle stage switch by an r-bit binary
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TABLE 1
Summary of the Various Designs of the Network Controller

Jates

i - Design ] ] Clocks | Gate Delays
'; ,,._.._m.:‘ NV,:‘,.‘MM._.:.,._ - o '“'“f',"?"‘"r i A i ; _l)‘ — B pe—
Sequential-with-connter | O(logr +logn) | O{fHET) -
Sequential-with-adder Ofr) O(ﬁ—]ﬁ’%) -
Parallel-with-counters | O{(logr +logn)) | O i?i]gl"(l%gt?) -

Palebwithaddes | 0Gor) | 0G5 | 0GE)

vector with a binary “1” in the ith bit representing the fact
that the ith output of the middle stage switch is occupied.
Then, the cardinality of a destination set is simply the
number of 1s in the vector and can be evaluated either by a
sequential circuit, say, a counter, or by a combinational
circuit, say, an adder. Furthermore, the evaluation can be
performed either sequentially or in parallel among all
middle stage switches. Finally, the step of finding the
minimum cardinality among all the destination sets can be
done by a tree-structure comparator array when the
cardinalities are evaluated in parallel. Fig. 6 shows an
overview structure of such an implementation, where
middle switch state registers (M) are used to store the
destination set vectors of middle stage switches, the
counting circuit {(CC) is used to count the number of 1s in
the destination sets, the comparator array (CA) is used to
determine the middle stage switch with the minimum
cardinality destination set, the masking register (MASK)
accomplishes the bitwise intersection operations, the mini-
mum register (MIN) stores the content of the current
minimum cardinality middle switch state fegister, and,
finally, the selected register set (SEL) is used to store the
middle stage switches selected for satisfying the connection
request. :

Based on the different hardware cost and the operational
time trade-off, four basic types of controller designs were
considered in [9]: sequeniial-with-counter, sequential-with-

TABLE 2
Examples of Optimal v{m, n, ) Nonblocking Multicast Networks
under Strategy 1, Where Network Size N =nr

Betwork size N | r n m
100 20 | 5 | 23
200 20 | 10 52
400 25 | 16 | 89
1000 40 | 25 | 155
2000 50 | 40 | 260
4000 80 | 50 | 343
10000 100 | 100 | 710

adder, parallel-with-counters, and parallel-with-adders. We
summarize these designs of the network controller in
Table 1. From Table 1, we can see that each of hardware
controller designs requires only minor additional circuitry
beyond that used in the switch modules and that each
hardware controller design offers significant improvernents
in the time required to determine connection path routes
when compared with the previous software control algoe-
rithm. In particular, in the parallel-with-adders controlier
design, routing paths for a connection request can be
determined in O(kl—‘;‘%;ir) gate propagations compared with
the O(nr) {or O(N)) steps required in the software control
algorithm. Such a controller design renders the nonblocking
multicast networks useful in the applications which require
high-speed network connection path set-ups.

From the above discussion, we can conclude that
Strategy 1 is the best strategy among all strategies we have

considered and m > 8(7@%’]%) is optimal for this type of

* nonblocking multicast network under Strategy 1. As the

conclusion for this section, we give several design examples
in Table 2 for some practical size nonblocking multicast
networks under Strategy 1. The values of r, n, and m shown
in the table yield the minimum cost network for the
corresponding network size.

6 CONCLUSIONS

In this paper, we first described several typical routing
control strategies for Clos-type nonblocking multicast net-
work. We then derived the necessary conditions under
which this type of network is nonblocking for arbitrary
multicast assignments in the strict sense as well as under
these control strategies. The necessary conditions obtained
are repregsented as the number of middle stage switches
m > @(nhﬁ]—é;). These results match the sufficient non-
blocking condition for the currently best available explicitly
constructed, constant stage nonblocking multicast network
[8], [9]. From these results, we conjecture that the number of
middle stage switches for the optimal Clos-type nonblock-
ing multicast network is O(n ) and that this type of
network is optimal for explicitly constructed, constant stage
nonblocking multicast network.
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