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NOTE ON CONTENT

" We will only cover

" 6.3 Power Spectral Densities
" 6.4 White Noise

" 6.5 Response of Linear Systems to Random Inputs



INTRODUCTION

" This chapter finally connects the second half of
ee361 (probability, random variables, random

processes) to ee360 and first half ee361 (LTI
systems)

® Fixplain how to analyze an LTI system with stochastic
input
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STOCHASTIC CORRELATION REMINDER

= Autocorrelation = Cross correlation
= Ry(7) = Ryx (1) = E[X(O)X(t + 7)] " Ryy(r) = E[X(®)Y(t +7)]
= Properties = Properties
= 1) Ry(—7) = Ry (7) " 1) Rxy(—7) = Ryx(7)
= 2) |[Rx ()| < Rx(0) = 2) |Rxy(7)| < /Rx(0)Ry(0)
" 3) Rx(0) = E[X*()] =2 0 * 3) [Rxy (D)] < 5 [Rx(0) + Ry (0)]

= If Ryy(7) = 0 VT = mutually
orthogonal



POWER SPECTRAL DENSITY (POWER SPECTRUM)

® Describes how variance of data is distributed over
frequency

= Indicates which frequency variations are strong (more
energy)

® Defines as Fourier Transform of autocorrelation
= Sy(w) = [, Ry(x)e 1¥%dr & FT

H Rx(T) — _f Sx((i))e]wrd(l) < iFT
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PROPERTIES OF PSD

= Sxy(w) = [° Ry(t)e /¥%dr
" Ry(r) = — [ Sx(w)e/"dw

= 1) Sy(w) = 0 and real

52) Sy(—w) = Sx(w)

= 3) E[X2(t)] = Ry (0) = - [ Sy(w)dw
® For discrete

=4) Sx(Q+2m) =S5x(Q) 27 periodic




CROSS PSD (CROSS POWER SPECTRUM)

5 Sxy (W) = f_oooo Ryy(1)e7®%dt < 3{Rxy (1)}

1 oo : ~—
" Ryy(T) = gf_oo Sxy(w)e!“ dw < I {Sxy (w)}
= Properties

" 1) Syy(w) = Syx(—w)
= 2) Sxyy(—w) = Sgy(w)

= Note: Syy(w) is complex valued, discrete version is also
21 periodic



WHITE NOISE

= The white noise RP w(t), is a wide-sense stationary
(WSS) zero-mean CT random process with:

= Ry (1) = 0%6(1)

= Sy (w) = f_oooo 0%6(1) e /9Tdr = g?
" White noise process has a constant power spectrum

= All frequencies are equally represented = “white” signal

= Note: the avg. power of w(t) is not finite
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= DT has finite power for w(n) because Sy, () = 0° is over a

21 interval (period)



LTI RESPONSE TO RANDOM INPUTS

®» Remember

- « [Tomem | v y=T{x} = h=x*x for LTI system

el | T

m CT case

=y(t) = [ h(D)x(t —1)dr
= DT case
= yln] = Xk=—o hlk]x[n — K]
= Note: we are using here notation from Oppenheim and

Schafer




CT LTI SYSTEM WITH RANDOM INPUTS I

®» When input is RP {X(t),t € Ty}, then output is also
a RP {Y(¢t),t €Ty}

s {Y(®),t €Ty} =T{X (), t € Ty}
= Poor notation: system T operating on RP X (t)
= For a realization (specific input signal)

= y;(t) = Tix; ()}

® Qur traditional study from ee360 and first half of ee361
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CT LTI SYSTEM WITH RANDOM INPUTS II

= Given LTI system with random input (can’t specifically
give output Y(t) = [*_ h(1)X(t — 1)dr)

= Specity stochastically
“E[Y(®)] = [*. h(@E[X(t —)]dr

“Ry(t,s) = [ |7 R(@)R(B)Rx(t — a,s — B)dad
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CT LTI SYSTEM WITH RANDOM INPUTS III

= For WSS X(t)
“E[Y(0)] = [_,, h(E[X(t — 1)]dz

= uy [ h(t)dr = pxH(w)|w=o
= Since E[X(t — 7)] is a constant and H(jw) = J{h(t)}
= Ry(t,t+7) = [ [° h(@)h(B)Rx(z + a — B)dadB = Ry(1)
= Y(t) is WSS since:
= 1) E[Y(t)] = uxyH(0) < constant
= 2) Ry(t,t + 1) = Ry(t,s) = Ry(1)
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WSS LTI PSD

= Sy(w) = [__ Ry(D)e™/*dr = |H(w)|Sx (w)
= Sy(w) - output psd

= |H(w)|? - magnitude squared of frequency response

= Sy(w) - input psd

“ Ry(1) = — [* Sy(@)e!®Tdw = — [ |H(w)|2Sx (w)e/"dw
» Average power

= E[Y2(t)] = Ry(0) = = [ |H(w)|%Sx (w)dw
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DT LTI RESPONSE

" Very similar results to CT case

“Y(n) = £2 o, h(DX(n — i)

= Ry(n,m) = X, Xy h(OR(DRx (n — i;m — )
= For WSS X(n)

= E[Y(n)] = uxH(0)

" Ry(n,m) = Ry(n,n+ k) = Ry(k)

= Sy () = [H(Q)|*Sx ()
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RECAP

® Since random input gives random output, analyze
LTI system stochastically

= Power spectrum is F'T of (auto)correlation

= Will focus on WSS processes
= ]st-order specification
= Expected output: E[Y(t)] = uxyH(Gw)| =0
= 2nd_order specification
= Autocorrelation: Ry (1) = 3™ HSy (w)} = I H{|H(w)|*Sy(w)}
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EXAMPLE 6.26

= X(t) WSS and Ry (7) = e~ for input
= h(t) = e Ptu(t)

®" F'ind autocorrelation of output Y (t)

= Will do in discussion



