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Appendix A: Partial Fraction Expansion

1 Overview

Partial fraction expansion (PFE) is quite useful in LTI system analysis.
We know

Y(s)=X(s)H(s)
:H@:§8

Thus, the transfer function is a rational polynomial function.

Steps for solving an LTI system:
1. Compute H(s) or Y (s) as a rational function
2. Use PFE to express H(s) in a simple form
3. Inverse transform partial fraction terms using lookup table (e.g. Table 9.2)

Example
Find y(t) given

z(t) = e u(t), b>0 h(t) = e~ u(t), a>0.

Take FT and perform PFE

YUw)=~YUW”¥Uw)::<b;3w> <aiﬁw)::<b+jWia+Jw>
B <b+Ajw> " (afw)
1 =L
:Qiﬂ)+@ﬁﬁ>

1 —at
- — t
a—I—be u(t)

Since the basic steps to solve systems appears often (FT, Laplace, Z), it is essential to know how
to do PFE. Notice in this example we used the Fourier Transform since it is a little easier without
looking at ROC.

2 Criteria for PFE

The denominator should be higher-order than the numerator otherwise you must do polynomial
long division.
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Reminder for polynomial long division: Assume you have the rational polynomial below

B 21)2+1)+’Vo

G(v) —

This requires polynomial long division before PFE since the order of the numerator is two (v?) and
the denominator is one (v).

2v—3
v+ 2) 202 +v+5
— 202 —4v
—3v+5
3v+6
11
This results in simplified equation
11

Gv)=2v—-3+

v+ 2

Note: when doing the long division, it should be repeated until the numerator (remainder) is of
lower order than denominator. In this case, since the denominator is order one, the remainder had
to be order 0 (constant). Once the numerator is of lower order, PFE can be performed on the
resulting rational polynomial. This was not needed in this case since the denominator is order 1
but would have been needed if order 2.

3 Heavyside Cover-up

Need to have a rational function with numerator of lower degree than denominator and have a
factored form

bnflvn_l + ...+ biv+ by
(v—p1)7 (v —p2)72... (v —pp)7’

Gv) =
where r > n, p; are the roots, and o; is the multiplicity of a root (PFE is more tricky for o; > 1).

Second Order Example

b2v2—|-b11)+b() A B C
G(v) = = + + :
) = R ) - w-pR o) -m)

N e N e N

@ @ ®

Note: polynomial long division is not needed in this case since the numerator is order 2 and de-
nominator is order 3. Repeated roots require a partial term for each order of the root. In this case,
(v — p1)? resulted in a partial term of (v — p1)? and (v — p1) to handle o; = 1 to o; = 2 in this
second order case.

In this form it is possible to equate the numerators and solve for A, B, C' with a system of equations
in the standard PFE process you learned in math

bov? + byv + by = A(v — p2) + B(v — p1)(v — p2) + C(v — p1)>.
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Instead of the system of equations, we will use the heavyside cover-up shortcut.
(1) When solving this, attack the highest order o; first.

(v —pl)ZG(v) =A+Bv—p)+ C(:__;);)2

Examining the above equation you will notice that you can isolate A from B, C by letting v = p;
which will result in zero multiplied by B and C.

C x 0?
2 _
(v—p1) G(v)|v:p1 A+Bx0+ pra—

Therefore, when solving for A,

b2'l)2 + blv + bo
(v—p1)*(v—p2)

=>A=(v-— pl)QG(U”v:m = (v—p1)* [

b2U2 + blv + b(_)
v—P2

v=p1
(2) Now look at the (v — p1) term. If you try the same technique as (1) above

A Clv—
(v — p1)G(v) = el Clnd VY
v —P1 UV —=Pp2

This will not isolate B with v = p; because of the denominator (v—p;) term will cause an undefined
term.
However, looking at (1) , notice

v — pr)2
d% (v — p1)2G(v)] = d% [A +B(v—p1) + C(U_;’zl)}

2w —p1)(v —p2) — (v —pl)Q]
(v — p2)?

=0 when v=p;

~pc|

Therefore, we can solve for B (the (2) term) as

d byv® 4 biv + b
:>B:% [(v—p1)*Gv)] = = T TR

v —=pP2 v=p1
~ (2b3v + by) (v — p2) — (bav?® + byv + by)(1)
(U - p2)2 v=p1

(3) Finally, look at the last (v — ps) term,

(v—p2)A N (v—p2)B

(v =p2)G(v) = (v—p1)? (v=p1) e

bov? + v1v + b

= 0= (v=—p2)GO)|yep, = W
vV=p2
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Example 4.25
Find the impulse response h(t) given the following differential system

2 X

F { ddigt) + 4d'7il(tt) + 3y(t)} —F { ddit) + Qw(t)}

(jw)?Y (jw) + 4jwY (jw) + 3Y (jw) = jwX (jw) + 2X (jw)
Y (jw) [(jw)? + 4jw + 3] = X (jw) [jw + 2]

. Y (jw) jw+2
= H = =
U) = %) = Gl + djw + 3
jw + 2 A B

= = - = - + -
(Jw+3)(jw+1) jw+3 Jw+1

Solve for the partial fraction terms

' . (Jw +2)(jw+3)
A= (jw+3)H(jw)lju——s = 7; /
( VH ( )‘wa 37 (jw+3)(jw+1) Jw=-3
w2 _-t_1
w1l -2 2
. ‘ jw +2 1
B= D H(jw)| ey = T2
Gt DHG o= 55 =

This results in the full PFE of H(jw) as

_ 1/2 1/2
H —
(jw) Jw+3 ol

The impulse response can be found by inverse FT

Mﬂ:}‘%HUM}thhbifS+jifl}

1 1
= 56_3tu(t) + ie_tu(t)

4 Discrete Time PFE

While most things are the same, there are some subtle differences for PFE in DT. Given a rational
system function

dnflvnfl +...+div+dy

Glv) = S+ ...+ frv+1

Notice the numerator degree is less than denominator. This can be factored as

dn_lvnil + -+ div+dg
(1= pr o) (l—pylo)oz--- (1 —prlo)or

which can be written in PFE as

Gv) =
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With heavyside cover-up the solutions can be found as
1 doi=*
Bi — —p; oi—k 1— -1 4re
o= e e [0 -]}

For our most often occurring cases of single and double root the solutions are below.
Single root (0; = 1) = same as CT case

By = (1-p;)G)|,_,
Double root (o; = 1) = subtle differences from p; ' term

(repeated) B = (1 — p;1)2G(U)’

V=Ppi

v=p;
. d _
single) B = (i) | 41— 52600
v V=Ppi
Notice in the repeated root section, the single power has an extra —p; term out in front.
Example
1\" 1\" 1\"
hin] =4 (2> u[n] — 2 <4> uln] x[n] = (4) uln]
2 1
H(z) = X(2)= ——
G == D1 - L) () =1 I-1
Y(z) = X(2)H(z)
B 2
(=317
A B C

-4 +
1-1 -1 (1—32712  1— 221

Using normal heavyside cover-up can find C and B.

1, 2 2 1
02(1—22 )Y(Z> N pnpenie] I CORS LA V7R
= (I= )7, (1-3)
1 2 2
B= (1—z1>Y(z) - = = =2
4 z7i=4 (1 - %2_1) 2~ 1=4 —2

The first-order single root term A is slightly more complicated. First note and define the pole term
for A is pzl = i.

d 1
A= - 1-ptz )y =4 1- -2y
PA [dz—l (1-pa'27')Y(2) o - 1 (2) .
B d 1 _\? B d 1 _\!
z71=4
—2
o
2 2
z71=4
1 —4
1-g21)?2 ,_, (1—-2)7

Note that it may be more simple to not carry around the z~1 terms (or e™7% for FT) since it might
make the derivative more difficult to keep track of. Instead do a substitution of v = z~! early on

: d
to solve with o
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