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Sinusoidal Currents and Voltages

- Sinusoidal Voltage v(t)
o v(t) =V, cos(wyt + 0) v

1}, - peak value of voltage "1
° Wy - angular frequency in }
radians/sec |
> @ — phase angle in radians |
- This is a periodic signal !
described by "max
= T —the period in seconds /
Wy = 2?”
= f — the frequency in Hz = —

_Vm
l/SeC Copyright © 2011, Pearson Education, Inc.
C f=2 - Note: Assuming that 0 is in
T
wo = 21f degrees, we have

= tmax = —0/360 x T.
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Sinusoidal Currents and Voltages

- For consistency/uniformity always express a
sinusoid as a cosine

» Convert between sine and cosine
» In Degrees

= sin(x) = cos(x — 900)
- In Radians

= sin(x) = cos (x — g)

- v(t) = 10sin(200t + 30°)
« v(t) = 10cos(200t + 30 — 90")
+ v(t) = 10cos(200t — 60")
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Root-Mean-Square Values

- Apply a sinusoidal source to a resistance
- Power absorbed

o p(t) =22
- Energy in a single period

« Ep = [, p(t)dt
- Average power (power absorbed in a single
period)

o Papg == == [ p(t)dt ——f” (t)dt
\/7 fOT vz(t)dt‘

IjPavgz R




Root-Mean-Square Values

2
\/% N vz(t)dt‘
R
 Define rms voltage

1 T
* Vims = \/;fo ve(t)de
1/2

rms
P avg —

R
- Similarly define rms current

° Irms = \/% fOT i*(t)dt
Poy = I2, R

rms

o Pavg —




RMS Value of a Sinusoid

« Given a sinusoidal source « The rms value is an “effective”
> v(t) =V, cos(wyt + 6) value for the signal
1T > E.g.in homes we have 60Hz
© Vems = \/F fo v2(t)dt 115 V rms power

o Vo, =2V, =163V

T
V... = \/i / V2 cos?(wot + 0)dt
T Jo

using cos?(x) = 1/2 4+ 1/2 cos(2x)

Ve rf p
=\la1 |, [1 + cos(2wqt + 26)] dt

S5



Example 5.1

- Voltage
> v(t) = 100cos(1007t) V 0
- Applied to a 500 resistance
(mS)
- Find the rms voltage and \/ \/ \/
average power and plot power L

- wp = 1007
« f===50Hz

2T
1 1 p(1) (W)
o T ===—=20msec

f 50

v() (V)

200

. p(t)
5— 1002cosz(100nt) = Pog=100 |-

200C0$2(1001Tt) \%%

¢ Vims =2 =2 =7071V py L

\/E 0 10 20 30 40 50

9 2
o Py = Vg&s 2o =100 W




Complex Numbers in Rectangular Form

- A complex number in
rectangular form
Z=x+]y
= x — real part
sy —imaginary part

- A vector in the complex plane
with
> x — horizontal coordinate
=y — vertical coordinate

Z=X—Iy

Source: Wikipedia



Complex Arithmetic in Rectangular Form

- z1=5+4+j5 z,=3—-j4 » Multiplication
= Usej? = -1
» Addition o 712, = (5+j5)(3 — j4)
o Add the real and complex : =15—;20 4+ 15— 220
parts separately . = 15— 5 — (—=1)20
° = 35— 5
c 2142, =(G+j5+B—-jb)
© z1+ 2z, =(8+)) - Division
> Multiply num/den by
- z1—2,=(5+j5) - (3 —j4) complex conjugate term to
e 7z — 2y = (24 j9) remove imaginary term in
denominator
z; _ (54j5)

z;  (3-j4)



Complex Arithmetic in Rectangular Form

- Division
= Multiply num/den by
complex conjugate term to
remove imaginary term in
denominator

. ST
21 O+J0 2z
E 3

z9  3—34 =
5475 3+74

T34 3444
154520+ 515 4 5%(20)
09— 512+ 12 — j2(16)
- =5+4435

25

= 02414



Complex Numbers in Polar Form

- Number represented by
magnitude and phase

- Magnitude — the length of the
complex vector

- Phase — the angle between the
real axis and the vector

» Polar notation

o z=rel?
» Phasor notation
o 7 =140 -y

Z=X—Iy

Source: Wikipedia



Conversion Between Forms

- Rectangular to polar form

° 7,.2 = xz + yz 15 % —1:;_@ 1J:/\_/§ 2-3
2V2 2V2
_y .
° tanf =~ & : ! 9 L
45 e 1 1 1
4 V2 2
- Polar to rectangular form - - = 1 =
> 2
« X = rcosf
75 51 1++3 -1++3 2443
« y =rsinf . iz iz
90 g 1 0 NaN
- Convert to polar form T
. Z=X+iy
cz=4—j4 Yp---- .
r 1
e T =V42 + 42 =42 |
9
+ @ = arctan (g) = oo x> Re
7-[ 1
arctan(—1) = —3 P
o 7 = 4\/58_].77:/4 R Z=X—Iy

Source: Wikipedia



|
Arithmetic in Polar Form

o zy =1el% =120, « Multiplication
. 7, =119 =1,/0, > Multiply magnitudes and add
phase (exponent terms)
- Addition © 712, =1ye/%1pe/%
— Jj(61+62)
= Convert to rectangular form = 1€
to add/subtract and convert = 1112£(0,16>)
back to polar form
- Division
= Divide magnitude and
subtract phase

21 _ el T j(0,-6,)
Zy 7'23192 Ty

&1
=—2£(0,—6,)
T



Euler’s Formula

- Relationship between a complex exponential and
a sinusoid

- eJ% = cosf + jsinB

* cosO = l[eje + e‘je]
2

> sinf = Zij[eje — e /Y]
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Phasors

- A representation of sinusoidal signals as vectors
in the complex plane
» Simplifies sinusoidal steady-state analysis

- Glven
s v4(t) = Vycos(wt + 64)
- The phasor representation is
oV, =V, 26,
- For consistency, use only cosine for the phasor
> v,(t) = V, sin(wt + 6,) =V, cos(wt + 8, —90°) =
V, =V,2(68,-90)



.
Adding Sinusoids with Phasors

Get phasor representation of sinusoids
Convert phasors to rectangular form and add
Simplify result and convert into phasor form

Convert phasor into sinusoid

Remember that w should be the same for each
sinusoid and the result will have the same
frequency

> ® b
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Example 5.3

- v;(t) = 20 cos(wt — 45°)
> Vy =202(—45")

» v,(t) = 10 sin(wt + 60°)
° V, =10£(60"—90") =

102(—30")
V=V +V,
- Calculate = 20/=45° + 10/=30°
* Ve =V +V,

= 20 cos(—457) + 720 sin(—45°) 4+ 10 cos(—307) + 710 sin(—30°)

_ E _E_l_losq-rt?) 10

2 e Ty
= 14.14 — j14.14 + 8.66 — j5
=228 —j19.14

= V22.82 4+ 19.142 farctan (=33
= 29.77/—40.01°

Us(t) = 29.77 cos(wt — 40.01°)



Phasor as a Rotating Vector

- v(t) =V, cos(wt +0) =
Re{Vmej(a)t+9)}

\

- V,e/(@t+0) j5 3 complex vector
that rotates counter clockwise
at w rad/s

« v(t) is the real part of the
vector JUPUR R

= The projection onto the real T
axis of the rotating complex ; X
vector _,=._—-—-1

----

Source: Wikipedia



Phase Relationships

- Given - Phasor diagram
> v, (t) = 3 cos(wt + 407)
> ,(t) = 4 cos(wt — 207)
- In phasor notation
= Vy =32(40")
>V, = 42£(-20")

\f

- Since phasors rotate counter
ClO CkWise Copyright © 2011, Pearson Education, Inc.

= V¥, leads V, by 60°
= V, lags V; by 60°
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Phase Relationships from Plots

- Given plots of a pair of periodic waveforms
1. Find the shortest time interval t,, between
positive peaks in a pair of waveforms

2. The angle between the peaks is the phase
difference

-9 =2.360°
T
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Complex Impedance

- Previously we saw that resistance was a measure
of the opposition to current flow
= Larger resistance - less current allowed to flow

- Impedance is the extension of resistance to AC
circuits
> Inductors oppose a change in current
= Capacitors oppose a change in voltage

- Capacitors and inductors have imaginary
impedance > called reactance
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Resistance

» From Ohm’s Law
o v(t) = Ri(t)

- Extend to an impedance form for AC signals
o V=71

- Converting to phasor notation for resistance

- Comparison with the impedance form results in
= ZR = R
= Since R is real, the impedance for a resistor is purely
real
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Inductance

- 1/V relationship

diy, (t
> v () =L lfit()

« Assume current
o {;(t) = I, sin(wt + 0)

o 0y =2 (0-7)
- Using the I/V relationship

o vy (t) = Lwl,, cos(wt + )

> V, = wLl,,2(6)

= Notice current lags voltage by 90
- Using the generalized Ohm’s Law

oz, =YL - @) _ (g) = jwl

T

I, ImL(H—E)
= Notice the impedance is completely imaginary
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Capacitance

I/V relationship

. dv (t
o ic(t) =C v;t()

Assume voltage

s v.(t) =V, sin(wt + 6)

c Ve = Ve (6-3)

Using the I/V relationship

o i-(t) = Cwl, cos(wt + 6)

o I = wCV,2(0)

- Notice current leads voltage by 90°
Using the generalized Ohm’s Law

o/ =E—Vm4(0_§)_ ! L(—E) ==
¢ 2 jwC

Ic  wCVuz(0) wC
= Notice the impedance is completely imaginary



Circuit Analysis with Impedance

- KVL and KCL remain the same
» Use phasor notation to setup equations

- E.g.
* V1 (t) + v,(t) —v3(t) =0
@ V]_ + Vz — V3 — O
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Steps for Sinusoidal Steady-State Analysis

1. Replace time descriptions of voltage and
current sources with corresponding phasors.
(All sources must have the same frequency)

2. Replace inductances by their complex
impedances Z; = wLs (g) = jwL. Replace
capacitances by their complex impedances

1 T 1 .
ZC = —L (— —) = ——. Resistances have
2 JwC

impedances equal to their resistances.

3. Analyze the circuit by using any of the
techniques studied in Chapter 2, and perform
the calculations with complex arithmetic



- =
Example 5.5

- Find voltage v, (t) in steady-state
- Find the phasor current through each element
- Construct the phasor diagram showing currents

and v
L=0.1H
T
+
l/'s(l‘) = -+~ R= 2 =
10 sin(10007) \_— 100 Q © TN 10uF




Convert Sources and Impedances

- Voltage source L=01H
o Vg =102(—90°) 00—+
vy(1) = R= _1_.c=
= w =1000 10 sin(1000¢) i) 100 Q Yc /\fO,u,F

» Inductance
° /; = jwL = j(1000)(0.1) =
100 O

- Capacitance
1 1 106
[m] ZC f— —
100 —/ 000 —

jwC — j1000(10pk)  j10% +100 Q Ic
J Voo
10[—9SO° C—) L Ikl 100Q Ve A 100Q
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Find Voltage v, (t)

R 100Q Ve A 100Q
- Find voltage by voltage divider 058 <> < J
. VC — VS ( Zeq )

ZeqtZL - Equivalent impedance
V.-V ( Zeq ) ¢ Zeq = Zrll|Z¢
C — S
Zeq + 2L ZoZr _ 100/=7/2(100/0)
100 ,_ = Leqg =
— 10/—90° L Zc—I—ZR —7100 + 100
(=90 — 750 4+ 7100 ~100%/90° 100 s5e
1005 45° T 100v2/45° V2 o
= 10/-90° = A5°
/—90 50 + 750 = 70.71{.—45
100 /_ o =50 — 550
— 10/=90° (lm 4”)
= 10/—180°

ve(t) = 10 cos(wt — 180%) = 10 cos(1000t — ) = —10 cos(1000¢)



Phasor Diagram

+
%0 ( we x sfem
« Source current

V, 10 o -
_ /—90 \/_ .
Zea+ 71 100/+/2/45° = o8

- Phasor diagram

- Capacitor current

Vo _10/-1800 1 .
Zc  100/=90° 10

Io =

» Resistor current

Vo  10/-180° 1 )
Ze ~ 1000 100

Ip =

Copyright © 2011, Pearson Education, Inc.



